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Abstract 

Hawking evaporation of photons in a Vaidya-de Sitter black hole is investigated 
by using the method of generalized tortoise coordinate transformation. Both the 
location and the temperature of the event horizon depend on the time. It is shown 
that Hawking radiation of photons exists only for the complex Maxwell scalar (pQ in 
the advanced Eddington-Finkelstein coordinate system. This asymmetry of Hawk- 
ing radiation for different components of Maxwell fields probably arises from the 
asymmetry of spacetime in the advanced Eddington-Finkelstein coordinate system. 
It is shown that the black body radiant spectrum of photons resembles that of 
Klein-Gordon particles. 
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Hawking's investigation of quantum effects []T| interpreted as the emission of a thermal 
spectrum of particles by a black hole event horizon sets a significant landmark on black 
hole physics. In the last few decades, much work has been done on the Hawking evapo- 
ration of black holes in some spherically symmetric and non-static spacetimes P, . In 
a recent paper (here refer to Paper I), we re-examined the Hawking effect of Dirac 
particles in a Vaidya-type black hole by means of the generalized tortoise transforma- 
tion method. We considered simultaneously the asymptotic behaviors of the first-order 
and second-order forms of Dirac equations near the event horizon, and eliminated the 
crossing-terms of the first-order derivatives in the second-order equations by using the 
relations between the first-order derivatives of the radial Dirac equations. We showed 
that the Hawking radiation exists only for P2, Qi components of Dirac spinors in virtue 
of the restricts imposed by the limiting form of its first-order equations. We conceived 
that this asymmetry of the Hawking radiation for different spinorial components proba- 
bly originates from the asymmetry of space-time in the advanced Eddington-Finkelstein 
coordinate system. 

In this paper, we deal with the thermal radiation of photons in a Vaidya-de Sitter 
space-time. The method used here is the same as that presented in Paper I, namely, we 
consider the asymptotic behaviors of the first-order and second-order forms of Maxwell 
equations in the vicinity of the event horizon, and recast each second-order equation to 
a standard wave equation near the event horizon. The location and the temperature of 
the event horizon are shown to be dependent on the time. The black body radiation 
spectrum of photons resembles that of Klein-Gordon scalar particles. We find that due to 
the restricts put on the Hawking radiation by the limiting form of the first-order Maxwell 
equations, not all Maxwell complex scalars but 0o displays the property of thermal radia- 
tion. This asymmetry of Hawking radiation for different field components in a Vaidya-type 
spacetime is thought to be a common feature shared by all particles with higher-spins. 

The paper is organized as follows: In Sec. 2, the explicit form of sourceless Maxwell 
equations within the framework of Newman-Penrose formalism are written out by 
choosing an appropriate null tetrad in the Vaidya-de Sitter geometry. By using the method 
of generalized tortoise coordinate transformation, the event horizon equation is extracted 
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in Sec. 3 from the asymptotic forms of the radial parts of the first-order Maxwell equations 
near the event horizon. Then the second-order radial equations are manipulated in Sec. 4 
by the same procedure and recast into a standard wave equation near the event horizon, 
in the meanwhile, an exact expression of the "surface gravity" of the event horizon is also 
obtained by adjusting the parameter k. Sec. 5 is devoted to deriving the thermal radiation 
spectrum of photons from the event horizon. Finally we present some discussions in Sec. 
6. 

2 Sourceless Maxwell Equations 

The metric of a Vaidya black hole with a cosmological constant A is given in the advanced 
Eddington-Finkelstein coordinate system by 



where 2G = 1 — 2M/r — in which mass M{v) of the hole is a function of the 

advanced time v. 

The geometry of this Petrov type-D space-time is characterized by two kinds of sur- 
faces of particular interest: the apparent horizon tah — 2M (coincides with the timelike 
limit surfaces ttls) ^-nd the event horizon teh — fH- The apparent horizon is the out- 
most trapped surface, while the event horizon is necessary a null-surface r = r{v) that 
satisfies the null-surface conditions g'^diFdjF = and F{v,r) = 0. Traditionally the 
latter is calculated approximately by the simple physical condition that the photons at 
the event horizon are stuck or unaccelerated in the sense that r ^ 0. An effective method 
to determine the location of the event horizon of a dynamic black hole is called as gen- 
eralized tortoise coordinate transformation (GTCT) with which we can apply it to the 
null hypersurface equation g^^diFdjF — and then take the limits approaching the event 
horizon. However in Paper I, the event horizon equation is extracted from the asymptotic 
forms of the radial parts of the first-order Dirac equations near the event horizon. In this 
paper, we derive it by the same procedure but with the Maxwell equations in place of the 
Dirac equation here. 

When the back reaction of the massless spin-1 test particles on the background ge- 
ometry is neglected, the electromagnetic field equation is given by the Maxwell equation 



ds^ = 2dv{Gdv - dr) - r'^ide^ + sin^ Odif^) , 



(1) 
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on a fixed spacetime (1). In order to write out its explicit form in the Newman-Penrose 
[^] formalism, we establish the following complex null tetrad system {l,n,m,rfi\ that 
satisfies the orthogonal conditions I ■ n = —m rn = 1. Thus the covariant one- forms can 
be written as 

I = dv , m = — ^ (^d6 + i sin 6d(pj , 

n = Gdv — dr , m = "^(^^ ~ ^ ^in 6d(pj , (2) 

and their corresponding directional derivatives are 

^ d ^ I f d id 



dr ' -\/2r ^ dO sin dip 

d^^ d^' 72^V^~ii^a^^ ^' 
It is not difficult to determine the non-vanishing Newman-Penrose complex spin coeffi- 
cients in the above null-tetrad as 

p = 1/r , 7 = -G,r/2 = -dG/2dr , 

lx = G/r, p = -a = cote/{2V2r). (4) 

Inserting for the appropriate spin coefficients into the sourceless Maxwell equations 
^ in the Newman-Penrose formalism 

{D - 2p)0i -(6 + 71 - 2a)0o = -/t02 , 
(5 - 2r)0i - (A + p - 27)00 = -^02 , 
(D + 2e - p)02 -(5 + 2^)01 = -A0O , 

iS + 2p- r)02 - (A + 2/i)0i = -z>0o , (5) 



we obtain 



G 1 
D + - + G., Vo - ^i^Wi 



I) + ^)0i--i-^/:V2 = O, (6) 
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here we have defined operators 

^ d ^ i d 

l--n = — + n cot d 



89 sin 9 dip 

.3 ^ i d 

„ = — + n cot 9 



89 sin 9 dip 

By substituting $o = r^o, '^'i = v^'^^^i, '^'2 = r(j)2 into Eq. (||), we have 
d 



<l>i + £i$o = 0, 2r2(D + G,,)<l>o -/:^o<^'i = 0, 

d 
ar 

3 Event Horizon 

Eq. (0) can be decoupled as 

^^ = Ro{v,r)S^{9,^), $1 = /?i(t;,r)5i(^,¥.), $2 = i?2(t;, r)^2(^, 
to the radial part 

d 

—Ri + XRo = 0, 2r2(p + G,,)i?o + Ai?i = 0, 



d 

2r^—R2 + XRi=0, Pi?i + Ai?2 = 0, 



and the angular part 

jCiSq = XSi , >C^o*S'i = — XSq , 

£o5i = XS2 , £^^2 = -A^i , (9) 

where A = + 1) is a separation constant. All functions So{9,ip), Si{9,ip) and 

82(9, ip) are, respectively, spin-weighted spherical harmonics pYijn{9,ip) with spin-weight 
p = 1, 0, — 1, satisfying the following equation 

— + cot 0— + ' 



p2cot2 + p+(£-p)(£ + p + l)lpy,„(^,</.) = 0. (10) 
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As to the Hawking radiation, we should be concerned about the asymptotic behaviors 
of the radial part of Eq. (|^) in the vicinity of the event horizon. Because the Vaidya- 
de Sitter spacetime is spherically symmetric, we can introduce as a working ansatz the 
following GTCT as did in the Paper I 

r^ = r + ^\n[r - rniv)], = v - Vq , (11) 

where th = r{v) is the location of the event horizon, and k is an adjustable parameter 
and is unchanged under the tortoise transformation. The parameter vo is an arbitrary 
constant which characterizes the initial instant of the hole. From formula (p!lD , we can 
deduce some useful relations for the derivatives as follows: 

d d 1 d d d ffj d 

+ 



The quantities th = drn/dv is the rate of the event horizon varying in time v. It describes 
the evolution of the black hole event horizon in the time, which reflects the presence of 
quantum ergosphere near the event horizon. 

Now let us consider first the asymptotic behaviors of Eq. (H) near the event horizon. 
Under the transformations (p!TD, Eq. can be reduced to the following forms 

AjJ, = 0, 24(r„-G)Afl„ = 0, 

= if'H-G)^Ri = 0, (12) 

after being taken the r — >■ rnivo) and v vq limits. 

From Eq. (|T2|), we know that Ri{r^) and R2{t^) are regular on the event horizon, 

— i?i = — i?2 = 0, (13) 

thus a reasonable solution to Eq. ([1^ is that the derivatives -£rRo does not vanish. The 
sole possibility we are left for the existence of a nontrial solution of Rq is (as for th 7^ 0) 

2G{rH) -2rH = 0, (14) 

which determines the location of the event horizon. It is interesting to note that the 
event horizon equation (0) coincides with that inferred from the null surface equation 
g^WiFdjF = 0. Because depends on time v, the location of the event horizon and the 
shape of the black hole change with time. 
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In the preceding section, we have deduced the event horizon equation from the hmiting 
form of the separated radial part of the first-order Maxwell equations. Applying a similar 
procedure to its second-order forms, we can derive the Hawking temperature and the 
thermal radiation spectrum. A straightforward calculation gives the second-order radial 
equations 



2r' 



Qj,2 ~^ dvdr ~^ ^ ~^ dr 



2r\G 



2 d 2G,, 

H T; 1 1" tj- rr 

r ov r 



Ri — X^Ri 



+ G, 



d 



Q^2 ~^ dvdr ' dr 
2rHG— + + ——\r 



Rl — X^Ri 



X'R2 



0, 
0. 



(15) 
(16) 
(17) 



Qj.2 dvdr r dr' 

Given the GTCT in Eq. (|Tl]) and after some tedious calculations, Eqs. ( p!^ - |T7| ) have 
the following limiting forms near the event horizon r = r^j 



{\^ + AG{rH)-2rH 



2k 



d^ ^ d^ 

h 2 

(9r? dr^dv^ 



+ 



- A + AGJrH) 



+ 



4G(rH) 



d^ 



' ^) dri ~^ 'dr^dvt. 



-A + AG,r{rH) 



d_ 



^ + 4G(r^) 
2k 



^2k 



2rn 
d^ 



}i?o = 0, 
d^ 



^ + 2. 

drl dr^dv^ 



d 



+ [-A + 2G,ArH)]^}Ri 



h 2 

dr"^ dr^dv^ 



[[^ + AG{rH)~2rH 



2k 



d^ 



Ri = o, 
d^ 



+ 2- 

drl dr^dv^ 



{- 

^2k 



2r 



H 



d^ 



d^ 

h 2 

dr^dv^ 



R2 



A + 



4G(rH) 



d_ 



}R2 



(19) 



(20) 



when r approaches rnivo) and v goes to vq. In the above, we have used relations 2G{rH) = 
2rH and ^-Ri = ^-^2 = 0. The coefficient A is an infinite form of 0/0-type with a finite 
result treated by using of the L' Hospital rule, 

A= hm - = 2Gr{rH)- 

r^vHivo) r — rn 
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In order to recast Eqs. (18), (^9[) and ( pO]) into a standard wave equation near the 
event horizon, we select the adjustable parameter k in them such that it satisfies 

A + 2GM = ^-M + 2f^^l, (21) 
which means the "surface gravity" of the horizon is 



1 - 2G{rH) 1 - 2rH 

where we have used Eq. (|1^). 



(22) 



With such a parameter adjustment, these wave equations (|T8| - pOD can be reduced to 



(1^ + '^irir + 2C'^)^o = , (23) 

where C = G^ri^H)- Eqs. (p^-p5|) have a standard form of wave equation in the vicinity 



of the event horizon. We point out that the above parameter adjustment is an important 
step in our discussions. 

5 Thermal Radiation Spectrum 



Combining Eqs. (|^, |2^) with ^-Ri = ^-^2 = 0, we know that Ri and R2 are indepen- 



dent of r^, near the event horizon. The solutions -Ri ~ e"*"^^* and R2 ~ q-^'^'"* indicate 
that Hawking radiation does not exist for $1 and $2- 

Now separating variables to Eq. (|23D as Rq = Ro{r^)e~'^'^'"% one gets 



R'^ = 2{tiu- C)R'2 , Ro = cie'^'^'^^' + C2 . (26) 
The incoming wave solution and the outgoing wave solution to Eq. (p3|) are, respectively. 



Near the event horizon, we have r^, ~ ^ln(r — rn)- Clearly, the outgoing wave -Rg"*(^ > 
th) is not analytic at the event horizon r = rn, but can be analytically extended from 
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the exterior of the hole into the interior of the hole by the lower complex r-plane 



■ITV 



(r - rn) {th - r)e~ 
to 

Following the method of Damour-Ruffini-Sannan's p], the relative scattering probabil- 
ity of the outgoing wave at the event horizon horizon and the thermal radiation spectrum 
of photons from the event horizon of the black hole are easily obtained 

pout 2 1 

=e-2--/% (A/L) - , ' , (29) 
^out ' ^ ' e'^'^ — 1 

in which m is the azimuthal quantum number, and the Hawking temperature is 

T = — = ■ - .3o^ 

27T Attth Mth - Arjj/6' ^ ' 

The thermal radiation spectrum (^) due to the Bose-Einstein statistics of photons shows 
that the black hole emits radiation just like a black body emitting scalar particles. The 
temperature depends on the time and is consistent with that derived from the investigation 
of the thermal radiation of Dirac particles in a Vaidya-de Sitter black hole with a 
vanishing electric charge ((5 = 0). 



6 Conclusions 

In this paper, we have studied the Hawking radiation of photons in a Vaidya-de Sitter 
black hole. The location and the temperature of the event horizon given by Equations (0) 
and (0), respectively, depend on the advanced time v. They can recover the well-known 
results previously derived in the discussion on the Hawking evaporation of Klein-Gordon 
and Dirac particles in the same spacetime. Eq. (^) shows that the thermal radiation 
spectra of photons have the same form as that of Klein-Gordon particles in a Vaidya-type 
black hole with a cosmological constant A. 

In summary, we have dealt with the asymptotic behaviors of the separated radial 
equations near the event horizon, not only its first-order form but also its second-order 
form. We find that the limiting form of its first-order equations puts very strong restrict 
on the Hawking effect, that is, not all components of Maxwell complex scalars but 0o 
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displays the property of thermal radiation. As is revealed in Paper I, we argued that this 
asymmetry of Hawking radiation for different components of Maxwell fields probably stem 
from the asymmetry of spacetimes in the advanced Eddington-Finkelstein coordinate. We 
think this is a common character shared by the thermal radiation of particles with higher 
spins in any Vaidya-type spherically symmetric black hole. 

Acknowledgment 

This work was supported partially by the NSFC in China. 

References 

[1] Hawking, S. W. (1974). Nature, 248, 30; (1975). Commun. Math. Phys. 43, 199. 

[2] Kim, S. W., Choi, E. Y., Kim, S. K., and Yang, Y. (1989). Phys. Lett. A 141, 238. 

[3] Zhao, Z., Yang, C. Q., and Ren, Q. A. (1992). Gen. Rel. Grav. 26, 1055; Li, Z. H., 
and Zhao, Z. (1993). Chin. Phys. Lett. 10, 126; Zhu, J. Y., Zhang, J. H., and Zhao, Z. 
(1994). Lnt. J. Theor. Phys. 33, 2137; (1994). Science in Ghina A 24, 1056; Yang, B., 
and Zhao, Z. (1994). Acta Physica Sinica, 43, 858; Ma, Y., and Yang, S. Z. (1993). 
Int. J. Theor. Phys. 32 (1993) 1237; (1997). Acta Physica Simca, 46, 2280; Zhang, 
J. H., Meng, Q. M., and Li, C. A. (1996). Acta Physica Smica, 45, 177. 

[4] Wu, S. Q. and Cai, X. (2001). Int. J. Theor. Phys. 40, 1349. 

[5] Newman, E., and Penrose, R. (1962). J. Math. Phys. 3, 566. 

[6] Chandrasekhar, S. (1983). The Mathematical Theory of Black Holes, (Oxford Uni- 
versity Press, New York); Carmeli, M. (1982). Classical Fields: General Relativity 
and Gauge Theory, (John Wiley & Sons, New York). 

[7] Goldberg, J. N., Macfarane, A. J., Newman, E. T., Rohrhch P., and Sudarshan, E. 
C. G. (1968). J. Math. Phys. 8, 2155. 

[8] Damour, T., and Ruffini, R. (1976). Phys. Rev. D 14, 332; Sannan, S. (1988). Gen. 
Rel. Grav. 20, 239. 



